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We report on the experimental realization of two different Bell inequality tests based on sixqubit linear-type and Y-shape graph states. For each of these states, the Bell inequalities tested are optimal in the sense that they provide the maximum violation among all Bell inequalities with stabilizing observables and possess the maximum resistance to noise. Introduction.-Graph states are basic resources for one-way quantum computation [1] , quantum errorcorrection [2] , and studying multiparticle entanglement [3] . Moreover, they provide a test-bed to investigate quantum nonlocality, that is, the inconsistency between local hidden variable (LHV) theories and quantum mechanics [4, 5, 6, 7, 8] . Considerable efforts have been devoted to designing different Bell inequalities for graph states with many particles. Here, the aim is to find inequalities with a high quantum mechanical violation, as this is related to the detection efficiency required to perform a loophole-free testing of Bell inequality; moreover, the Bell inequality with a higher violation is more robust against noise. In these studies it has turned out that for many kinds of graph states, the violation of local realism increases exponentially with the number of particles [7, 8] . Experimental Bell tests with four-qubit cluster or Greenberger-Horne-Zeilinger (GHZ) states, which are examples of graph states, have been reported recently [9, 10, 11, 12] .
In this paper we report an experimental realization of two different Bell tests based on two types of sixqubit graph states-the linear-type one LC 6 and the Yshape one Y 6 . The states are produced using the polarization and the spatial modes of four photons. Such states are also called hyper-entangled states and can be generated with good quality and a high generation rate [11, 13, 14, 15, 16, 17, 18] . The two Bell inequalities tested in this paper are optimal in the sense that they provide the maximum violation among all Bell inequalities with stabilizing observables only. Remarkably, they give the same high violation of local realism as the sixqubit GHZ state with the Mermin inequality [7] , but the violation for the LC 6 and the Y 6 state is more robust against decoherence.
State preparation.-Let us first recall the notion of graph states. A graph state |G is specified by its stabilizer [3] , i.e., a complete set of operators g i of which it is the unique joint eigenstate, g i |G = |G for all i, where
Here, i is some vertex in a graph (see also Fig. 1a) and N (i) denotes its neighborhood, that is, all vertices connected with i. Furthermore, X i and Z j denote the usual Pauli operators acting on qubits i or j.
The graphs corresponding to our graph states are given in Fig. 1a and the experimental setup is shown in Fig. 1b . First, we use spontaneous parametric down conversion [19, 20] to create one entangled photon pair (|H 1 |H 2 +|V 1 |V 2 )/ √ 2 and two single photons |+ = (|H + |V )/ √ 2, where H, V denote horizontal and vertical polarization, and 1, 2 label the spatial modes of the photons. By using operations similar to fusion-II gates between photons above [21] , we generate a state in
which is equivalent to a 4-photon linear-type cluster state under local unitary transformations [22] .
Based on the state |LC 4 , another two qubits in spatial modes are added to construct the 6-qubit state. If a beam of photons enter a polarizing beam splitter (PBS), the Hpolarized one will follow one path, while the V -polarized one will follow the other path. Here we define the first path as the photon's H spatial mode, and the latter one as its V spatial mode. After we apply two Hadamard (H) gates on photons 1 and 4, and place two PBSs in the outputs of them (see Fig. 1b ), the whole state will be converted to
where
is equivalent to a 6-qubit linear-type graph state up to single qubit unitary transformations.
To prepare |Y 6 based on |LC 4 , H gates are applied on photons 2 and 4, then photons 1 and 4 are transmitted through PBSs, and finally the whole state will be converted to
This is equivalent to a Y-shape 6-qubit graph state up to single qubit unitary transformations. Local measurements.-In order to measure the states' fidelities and test the Bell inequalities, we need to implement the desired local measurements. The measurement setups are shown in Fig. 1c , which is similar to Refs. [11, 16] . Here and in the following, x, y, z refer to the Pauli matrices for the spatial modes, and X, Y , Z refer to the Pauli matrices of the polarization modes. The measurements of x, y observables are implemented by overlapping different modes of a photon on a beam splitter (BS), and the measurement of z observable is implemented by blocking one or the other input path of the BS. The observables of polarization qubits are measured by placing a combination of a quarter-wave plate, a half-wave plate and a PBS in front of the single-photon detectors. Although a photon's polarization and spatial information is read out simultaneously, they are independent measurements and have no influence on each other.
The measurements of spatial modes require single photon interferometers as shown Fig. 2a . This interferometer is very easily affected by its environment and can only be stable for a few minutes. In our experiment, an ultrastable Sagnac-ring technique [23, 24] is applied to satisfy
The two created graph states. Pi represents (polarization) qubit i, and S1 and S4 represent (spatial) qubits 5 and 6, respectively. b. Scheme of the experimental setup to generate the desired graph states. Femtosecond laser pulses (≈ 200 fs, 76 MHz, 788 nm) are converted to ultraviolet and transmitted through two BBO crystals (2 mm), where two photon pairs are generated. The observed two-fold coincident count rate is about 2.6 × 10 4 /s. Two additional polarizers are inserted into the arms of the second pair to prepare two single photon states. c. The measurement setups for the desired observables. The first setup is for x measurement of spatial qubits when φ = 0, and for y measurement of spatial qubits when φ = 90
• . The second one is for z measurement of spatial qubits by using blocks in the two paths of the beam splitter. The third one is for X, Y, Z measurements of polarization qubits by using half wave plates (HWPs), quarter wave plates (QWPs), and PBSs.
the required stability. First, we design a crystal combining a PBS and a BS as shown in Fig. 2c . Then, we construct the single photon interferometer in a Sagnacring configuration (see Fig. 2b ). The H-polarized component is transmitted and propagated through the interferometer in the counterclockwise direction, while the Vpolarized component is reflected and propagated through the interferometer in the clockwise direction. Then, the interference happens when the two components meet at the BS. Such interferometer can be stable for at least ten hours [18] .
Fidelity.-To estimate the fidelity of the prepared states, we consider an observable B with the property φ| B |φ ≤ φ|LC 6 LC 6 |φ = F LC6 for any |φ . This means B exp is a lower bound of the fidelity of the experimentally produced state [25] . The actual B for the LC 6 state is given in Ref. [26] . We obtained the result
clearly exceeding 1/2, also proving the genuine 6-qubit entanglement of that state [25] .
As explained in Ref. [27] , for the Y 6 -state there is also an observable B such that
so B exp is the lower bound on the fidelity. Experimentally, we find B exp = 0.63 ± 0.04 > 1/2, giving again clear evidence of genuine 6-qubit entanglement.
Optimal Bell inequalities.-The optimal Bell inequality (i.e., the one having the highest resistance to noise) involving only stabilizing observables for the LC 6 state in the form of Eq. (3) is [6] . These g i are stabilizing operators of the linear-type graph state, i.e. the graph state is an eigenstate of all the g i with eigenvalue +1, as one can easily check. To obtain the required measurements for the Bell test, one just has to consider each of the 16 terms separately, which arise from multiplying out B LC6 (see Table I ). As all these terms are products of stabilizing operators, the cluster state is an eigenstate of all these terms, and the value for the ideal cluster state is the algebraic maximum B LC6 = 16.
Similarly, the optimal stabilizer Bell inequality for the Y 6 state is [6] where now
, and g 6 = Z 4 z 6 . Again, the value for the pure Y 6 state is B Y 6 = 16.
A remarkable feature of these Bell inequalities is that the LC 6 state and the Y 6 state violate local realism by a factor of four, which is also the violation for the sixqubit GHZ state, if only stabilizing elements are considered (the optimal Bell inequality is then the Mermin inequality [6] ). However, the LC 6 and Y 6 state are more resistant to decoherence than the GHZ 6 [28] . In fact, one can directly see that if decoherence acts as a depolarizing channel on each qubit, the violation of the Mermin inequality for the GHZ 6 state decreases faster than for the graph states considered here. Namely, if noise like → p + (1 − p)1 1/2 is acting on each qubit separately, the value of the Mermin inequality decreases with p 6 , as the Mermin inequality consists only of full correlation terms. In our Bell inequalities, however, half of the terms contain the identity on one qubit (see Tables I and II) , which means that they decay only with p 5 , and the total violation decreases like (p 6 + p 5 )/2. This proves that the non-locality vs. decoherence ratio of GHZ states is not universal: there are states with a similar violation which are more robust against decoherence. This result indicates that Bell inequalities for graph states have promising advantages towards observing macroscopic violations of Bell inequalities [7] .
The experimental results are given in Tables I and II . From these data we find B LC6 exp = 9.40 ± 0.16,
which violate the classical bound by 34 and 31 standard deviations. Let us consider the ratio D between the quantum value of the Bell operator and its bound in LHV theories. This is related to the detection efficiency required to perform a loophole-free testing of Bell inequality and if D increases, the required detection efficiency decreases [29] . Experimentally, we have
These are larger values compared to previous experiments with similar Bell inequalities for four-qubit cluster states, where values of D from 1.29 to 1.70 have been achieved [9, 10, 11] ; using a Bell inequality with non-stabilizer observables for the four-qubit GHZ state, D = 2.22 has been reached [12] . Therefore, despite of having a lower fidelity than in the four-qubit experiments, we find a higher violation of local realism, which demonstrates that the amount of nonlocality can increase with the number of qubits.
Conclusion.-We have implemented two multi-qubit Bell tests on two six-qubit graph states. These states under consideration show the same violation of local realism as the GHZ states, however, they are more robust to decoherence. This rises several open questions for further investigations: From a theoretical point of view, it is interesting to investigate the relationship between decoherence and nonlocality further. The aim is to characterize states, which show a high violation of local realism, while being still robust against decoherence. From the experimental side, it would be of great interest to generate states which are assumed to be robust against decoherence and to observe the predicted decay behavior of entanglement.
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